The theory of (t, s)-sequences leads to powerful constructions of low-discrepancy sequences in an s-dimensional unit cube. We generalize this theory in order to cover arbitrary sequences constructed by the digital method and, in particular, the Kronecker-type sequences introduced by the second author. We define diophantine approximation constants for formal Laurent series over finite fields and show their connection with the distribution properties of Kronecker-type sequences. The main results include probabilistic theorems on the distribution of sequences constructed by the digital method and on the diophantine approximation character of s-tuples of formal Laurent series over finite fields.
Introduction and basic definitions
The most effective constructions of low-discrepancy sequences in an s-dimensional unit cube are currently based on the notion of a (t, s)-sequence (see [16, Chapter 4] ). A (t, s)-sequence satisfies strong uniformity properties within special finite segments of the sequence (see Definition 2 below for the details). Some constructions of (/, s)-sequences work with formal Laurent series, in particular a construction introduced in [16, Chapter 4] and studied further by the authors [8] . However, the full range of this construction goes well beyond the framework of (/, s)-sequences. Thus, to analyze the whole family of sequences obtained by this construction, which is one of the aims of the present paper, it is necessary to generalize the concept of a (t, s)-sequence in the way described in Definition 3 below. These generalized (t, s)-sequences should also be of interest in other contexts involving low-discrepancy sequences.
The construction mentioned above not only motivates the definition of generalized (t, s)-sequences, but it also leads to intriguing connections with the theory of diophantine approximations of formal Laurent series. Some of these connections were already pointed out in [8] , but in the present paper we can go much further by introducing and analyzing new diophantine approximation constants for formal Laurent series (see Section 4) .
We follow [ 16] in our basic notation and terminology. For a point set P consisting of N arbitrary points yo, yi, ■■■ , »-i in the half-open s-dimensional unit cube Is = [0, 1 )s, s > 1, and for an arbitrary subinterval J of Is, let A(J; P) be the number of n with 0 < n < N -1 for which yn £ J. Let ks denote the s-dimensional Lebesgue measure. Clearly, the uniformity properties of (t, s)-sequences are the stronger the smaller the value of t. The "strict" variants in Definitions 1 and 2 have not been considered before. Constructions of (t, s)-sequences can be found in Faure [2] , Niederreiter [10] , [11] , [12] , [16, Chapter 4 ], Sobol' [18] , and Tezuka [19] .
We now generalize Definition 2 by allowing the parameter / to vary with m . We write No for the set of nonnegative integers. We note that since any function T in Definition 3 must satisfy T(0) = 0, we will often define Y(m) only for m > 1. The following definition generalizes the second part of Definition 2. We now present a brief overview of the paper. In Section 2 we establish bounds for the star discrepancy D*N(S) of a (T, s)-sequence S ; of particular interest are the cases in which D*N(S) -0(N~l(logN)s).
The digital method of constructing low-discrepancy sequences is recalled in Section 3, and conditions under which sequences obtained by this method form (T, s)-sequences are given. We also prove probabilistic results on the average behavior of sequences constructed by the digital method. Various diophantine approximation constants for formal Laurent series over finite fields are introduced and analyzed in Section 4. The sequences studied in [8] are then shown to be (T, s)-sequences in Section 5, with the function T depending on the diophantine approximation constants from Section 4.
The star discrepancy of (T, s)-sequences
We recall that for a point set P consisting of N points in Is its star discrepancy is defined by D*N(P) = sup j^ The following bound for the star discrepancy of a (T, s)-sequence is sometimes sharper with respect to the implied constants, especially if no specific information on N is available. By combining now Lemma 1 or Lemma 2 with the known detailed upper bounds Ab(t, m, s), we get upper bounds for the star discrepancy of (T, s)-sequences with explicit constants. Since in the general case we are mainly interested in the order of magnitude of the star discrepancy, we do not write down the implied constants, but rather use the bound in Theorem l(i) below as a fundamental result. Furthermore, we give a condition on T under which the star discrepancy D*N(S) of a (T, 5)-sequence S in base b has the possibly optimal order of magnitude, i.e., D*N(S) -0(N~l(logN)s).
Note that it is a classical conjecture in the theory of uniform distribution of sequences that for every dimension 5 there is a constant c¡ > 0 such that for any sequence S of elements of Is we have D*N(S)>csN~l (log N)s for infinitely many 7Y. This conjecture has been proved in the case s = 1 by Schmidt [17] . There are of course also functions T which are not bounded by some t, but for which k~l ¿Zkm=\ bT{m) is bounded.
Remark 3. It is easily seen that k~s ¿Zm=\ bT^ms~l is bounded if and only if k~l ¿Zm=\ ¿>T(m) is bounded. The sufficiency was already used in the proof of Theorem 1 (ii) and the necessity follows by summation by parts.
Sequences obtained by digital constructions
The main method for the construction of (/, m, s)-nets, of (t, s)-sequences, and in the following also of (T, s)-sequences is the method of digital constructions over finite commutative rings with identity, or in short the digital method. This method was introduced in [10, Section 6] and was further used e.g. in [11] , [12] , [14] .
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We follow [16, Chapter 4] In the following we will prove that digital sequences constructed over Fq show, on the average, a very good distribution behavior. For this purpose we use a natural measure on the class of all ¿-dimensional digital sequences constructed over Fq . First of all, we note that in view of Lemma 4 the distribution properties of such a sequence depend only on the matrices C\, ... , Cs. Therefore, we identify the class of all s-dimensional digital sequences constructed over Fq with the set Jfs of all s-tuples (C\, ... , Cs) of infinite matrices over Fq (in the notation Jfs and in some of the following notation, we suppress the dependence on q for simplicity).
We define the probability measure ps on Jts as the product measure induced by a certain probability measure p on the set JH of all infinite matrices over Fq . We can view Jf as the product of denumerably many copies of the sequence space Fq°° over Fg , and so we define p as the product measure induced by a certain probability measure p on F™ .
In view of later investigations of sequences defined via formal Laurent series, we use the following way of introducing the measure p. We identify each c-(ci, c2, ...) £ Fq°° with its generating function oo r-k /-r tt*-i\
where Fq((z~1)) is the field of formal Laurent series over Fq in the variable z_1 . In this way we have identified F9°° with the set Hq of all generating functions. With the topology induced by the degree valuation (compare with Section 4) and with respect to addition, Hq is a compact abelian group, and we define p to be the unique Haar probability measure on Hq .
The probability measure ps on Jfs is thus defined completely. We can now establish the following probabilistic result with respect to ps. We write N for the set of positive integers. for N > 2 and for all e > 0, with an implied constant depending only on q, s, e, and 5. At least for the case where q is prime, it may be possible to reduce this probabilistic discrepancy bound to 0(N~' (log N)s(\oglog N)2+e), by adapting an approach that was developed in [6] for the special class of digital sequences to be described in Section 5; however, this method involves enormous technical complications. 
Kronecker-type sequences
We investigate a special class of s-dimensional digital sequences introduced in [16, Chapter 4] and studied further in [6] , [8] . The construction of these sequences can be viewed as a function-field analog of the construction of classical s-dimensional Kronecker sequences, i.e., of sequences of integer multiples mod 1 of a point in W, and so we use the name "Kronecker-type sequences" for these digital sequences. The main results of this section establish links between the distribution properties of Kronecker-type sequences and the diophantine approximation constants discussed in Section 4.
For our purposes, the most convenient definition of Kronecker-type sequences is the one given originally in [16, Chapter 4] since it fits into the framework of the construction of digital sequences in Section 3. An equivalent definition of Kronecker-type sequences, which shows the analogy with the construction of classical Kronecker sequences, is presented in [8] .
Let Fq again be the finite field of order q, where q is an arbitrary prime We denote the resulting s-dimensional digital sequence constructed over Fq by S(L\, ... , Ls). In this notation we suppress the dependence of the sequence on the chosen bijections tpr and n¡j since it will turn out that our results depend only on L\, ... , Ls. According to [16, Lemma 4 .47], the following is a sufficient condition for the condition (v) in Section 3: Li, ... , Ls are irrational and for each 1 < i < s there exists a nonzero c, £ Fq such that r¡ij(c¡) = q -1 for all sufficiently large j .
The case where L¡, ... , Ls are rational corresponds to the construction of point sets in [ 14] which was further analyzed in [3] , [5] , [7] , [15] , [16, Chapter 4] . It was shown by the authors [8] that the sequence S(Li, ... , Ls) is uniformly distributed in Is if and only if 1, L\, ... , Ls are linearly independent over the rational function field Fq(z), so this is clearly the case of main interest, although some results, such as Theorem 3 below, hold generally. In [8] one can also find a sufficient condition for S(L\, ... , Ls) to be a (t, s)-sequence in base q for some t £ No ; in the language of the present paper, this condition says that the s-tuple (L\, ... , Ls) is of finite type < 1 (compare with Definition 8). A probabilistic result on the discrepancy of S(L\, ... , Ls) was proved by Larcher [6] in the special case where q is prime. The following general result shows the connection with notions introduced in Sections 1 and 4. We now establish an analog of Theorem 2 for sequences of the type S(L\, ... , Ls). Since these sequences form a set of ^-measure 0, we have to use another measure. We use the same notation as in Section 3; in particular, we write
Furthermore, we note that the sequence S(L\, ... , Ls) and its distribution properties depend only on the fractional parts of Lx, ... , Ls. Therefore, we can assume that (L\, ... , Ls) £ Hsq.
We now let p again be the unique Haar probability measure on Hq , and we denote by ps the product measure on Hsq induced by p . for /V > 2 and for all e > 0, where the implied constant depends only on q , s, e, and (L\, ..., Ls). For s = 1 a sharper result was shown in [8, Theorem 6] . In the case where q is prime and s > 2 is arbitrary, Larcher [6] has proved by a completely different method that this probabilistic discrepancy bound can be reduced to 0 (N-\\ogN)s(\og\ogN)2+£) .
Finally, we prove a probabilistic result on the growth rate of vb(L\, ... , Ls)-db(L\, ... , Ls). This is a generalization of probabilistic results on the growth rate of the degrees of the partial quotients in the continued fraction expansion of a single formal Laurent series L\ (compare with [13]). 
